Positive Geometries for One-Loop Chiral Octagons by Herrmann, Enrico et al.
Positive Geometries for One-Loop Chiral Octagons
Enrico Herrmann,1 Cameron Langer,2 Jaroslav Trnka,2 and Minshan Zheng2
1SLAC National Accelerator Laboratory, Stanford University, Stanford, CA 94039, USA
2Center for Quantum Mathematics and Physics (QMAP), University of California, Davis, CA, USA
Inspired by the topological sign-flip definition of the Amplituhedron, we introduce similar, but
distinct, positive geometries relevant for one-loop scattering amplitudes in planar N = 4 super
Yang-Mills theory. The simplest geometries are those with the maximal number of sign flips, and
turn out to be associated with chiral octagons previously studied in the context of infrared (IR)
finite, pure and dual conformal invariant local integrals. Our result bridges two different themes of
the modern amplitudes program: positive geometry and Feynman integrals.
Introduction
Recently, a number of intriguing connections between
positive geometries [1] and scattering amplitudes in var-
ious quantum field theories have surfaced. The primary
example of a positive geometry is the Amplituhedron
[2, 3], which generalizes convex polygons to Grassman-
nians. Associated to these geometries are differential
forms with logarithmic singularities on all their bound-
aries. From a physics perspective, these forms repro-
duce all tree-level amplitudes and the all-loop integrand
in planar maximally supersymmetric Yang-Mills theory
(N=4 SYM [4, 5]). Here, planarity refers to the ’t Hooft
limit [6], Nc→∞, of SU(Nc) gauge theory. For more re-
cent explorations of the Amplituhedron, see e.g. [7–15].
Another positive geometry is the Associahedron [16]
which plays a role in biadjoint φ3 theory. Ongoing efforts
also attempt to extend a similar geometric framework to
amplitudes in other field and string [17, 18] theories, and
to explore the origin and consequences of this connection.
In this letter, we focus on the positive geometry of one-
loop amplitudes in planar N=4 SYM (computed first in
[19, 20]), motivated by the Amplituhedron construction.
We show that for certain classes of positive geometries,
their associated logarithmic forms are given by chiral one-
loop integrals. For external kinematics relevant to MHV
amplitudes, the most general geometry corresponds to
chiral octagons. These objects have been defined in [21]
as a basis of one-loop dual conformal invariant integrals
with special infrared (IR) properties. In particular, this
basis is naturally divided into IR divergent integrals, IR
finite integrals, and those which integrate to zero.
We explicitly show that each chiral octagon is asso-
ciated with a single ‘local positive geometry’ that has
similarities with the Amplituhedron, but differs in the
choice of topological sign-flip conditions (introduced be-
low). Importantly, while the Amplituhedron geometry
increases in complexity with the number of external par-
ticles (to capture the complexity of higher point ampli-
tudes), the positive geometries for chiral octagons remain
unchanged beyond eight points. Our result constitutes
the first example of a connection between positive ge-
ometry and Feynman integrals, and we devote a longer
companion paper [22] for more detailed analysis.
This letter is organized as follows. In section 2, we de-
fine the Amplituhedron geometry at one-loop using the
sign-flip definition of [3]. In section 3, we explore the gen-
eral one-loop sign-flip regions for MHV kinematics, and
show that there is an upper bound on the number of sign
flips in certain kinematic quantities. Surprisingly, the
maximal sign-flip regions correspond to chiral octagons
which we review in section 4. In section 5, we comment
on the positive geometries for other integrals which can
be deduced from their d log representations. In section 6,
we study the spaces for non-MHV kinematics and show
that the logarithmic forms are chiral integrals with non-
unit leading singularities which also appeared in [21] in
the context of the one-loop ratio function. We end with
some conclusive remarks and future directions.
One-Loop Amplituhedron
Before describing our novel local positive geometries,
we briefly discuss the well-known Amplituhedron con-
struction in order to point out similarities and dif-
ferences between these spaces. Our main framework
will be the topological definiton of the Amplituhedron
in terms of certain sign-flip conditions [3] on kine-
matic invariants. Due to the special symmetries of
planar N=4 SYM, momentum-twistor space [23] is the
natural kinematic setting to describe scattering am-
plitudes in this theory. The external kinematics for
massless n-particle scattering amplitudes are encoded
in n four-vectors ZIa , I∈{1, . . ., 4}, a∈{1, . . ., n} defined
up to little-group transformations, Za ∼ taZa. The
(dual) spacetime symmetries of planar N=4 SYM act
linearly on the Za via SL(4) transformations, and the
invariants are given by contractions of four momentum
twistors with the four-dimensional Levi-Civita tensor
〈ijkl〉:=IJKLZIi ZJj ZKk ZLl .
Loop momenta are encoded via lines in twistor space.
Each line is defined by the linear span of two repre-
sentative points, so that we may associate ` ↔ (AB).
Loop-dependent quantities involve contractions of (AB)
with bi-twistors XIJ . In the following, we encounter
various four-brackets of the form 〈ABX〉, although the
most important correspond to inverse propagators of the
form 〈ABii+1〉. For further details on the twistor cor-
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2respondence, see e.g. [23–26]. Throughout, the notation
〈X〉 :=〈ABX〉 is used for brevity. With the basic kine-
matic objects in hand, the topological definition [3] of the
L-loop n-point, NkMHV amplituhedron A(n,k,L) is:
• 〈ii+1jj+1〉 > 0 ,
• sequence {〈abb+1i〉}i 6=a,b,b+1 has k sign flips,
• 〈 ii+1〉 > 0,
• sequence {〈1i〉}i6=1 has k+2 sign flips,
• 〈(AB)i(AB)j〉 > 0 for i 6= j = 1, . . . , L ≥ 2.
(1)
At one loop there is an equivalent definition of the MHV
(k = 0) Amplituhedron:
MHV def.:
• 〈ijkl〉 > 0 , for i<j<k<l,
• 〈 ij〉 > 0, for all i<j, (2)
where (ij) denotes the line defined as the intersection of
two planes (ij):=(i−1ii+1)∩(j−1jj+1). In momentum-
twistor space, parity is implemented via the duality be-
tween points and planes: P : a↔ a := (a−1aa+1), and
suggests another ‘MHV’ space,
‘MHV’ def.:
• 〈ijkl〉 > 0 , for i<j<k<l,
• 〈 ij〉 > 0, for all i<j. (3)
Note that the space in eq. (3) is not the ‘actual’ MHV
space defined by setting k=n−4 in eq. (1) [27]. Both
spaces differ by the conditions imposed on the exter-
nal data, but the associated loop-dependent differential
forms are trivially related by stripping the overall tree-
level amplitude factor.
Since 〈 ii+1〉 and its dual, 〈 ii+1〉 , are related as
〈 ii+1〉 = 〈 ii+1〉 〈i−1ii+1i+2〉, the chiral one-loop MHV
Amplituhedron can be viewed as a subspace of a larger
achiral space defined by a smaller set of inequalities,
S(0) : 〈 ii+1〉 > 0, for all i<j. (4)
In order to recover the MHV Amplituhedron, which
we denote S(0),m, from eq. (4), we ought to impose
〈 ij〉>0 , for i<j. While these extra conditions are nec-
essary to define the chiral subspace, none of them cor-
respond to physical boundaries of the geometry. The
question of whether or not inequalities are accessible as
geometric boundaries is quite subtle, and we discuss these
aspects at greater length in ref. [22].
The complement of S(0),m in S(0), denoted as S(0),m, is
also a space with only physical boundaries. Its logarith-
mic form corresponds to the MHV one-loop amplitude.
From eq. (3), it follows that we can carve out this chiral
subspace from S(0) by imposing the conditions 〈 ij〉 > 0.
One-Loop Positive Geometries from Sign Flips
Having discussed S(0) in eq. (4) where all 〈 ii+1〉 are
positive, it is natural to wonder about geometric spaces
and canonical forms where a subset of the 〈 ii+1〉 inequal-
ities change sign. In this section, we restrict our analysis
to the one-loop case with the MHV external kinemat-
ics of eq. (2). Starting from the achiral space in eq. (4),
we flip the signs of some 〈 ii+1〉 brackets from positive to
negative. Surprisingly, we find that ‘most’ of these spaces
are empty for general n, i.e. the inequalities are mutu-
ally inconsistent; only a very limited number of cases are
allowed. We can split these cases into three categories
based on the number of sign flips in the sequence (note:
this is different than (1)):
P = {〈12〉 , 〈23〉 , . . . , 〈n−1n〉 , 〈1n〉} . (5)
If there are no sign flips in P, all brackets can be chosen
positive; this is nothing but the original S(0) space. For
obvious reasons, we call S(0) a sign-flip-zero space.
The other non-empty spaces have either two or four
sign flips in P and are denoted by S(2) and S(4), respec-
tively. We represent these sequences graphically as circles
where the signs of 〈 ii+1〉 are marked on the periphery.
S(0) S
(2)
ij S
(4)
ijkl
(6)
For the sign-flip two and four spaces, we also indicate
the positions where the corresponding sign flips occur.
Interestingly, for MHV external kinematics, any space
with more than four sign flips is empty.
As mentioned below eq. (4), the achiral sign-flip-zero
space S(0) can be cut into two chiral components by im-
posing n−3 additional inequalities. The two resulting
subspaces S(0),m and S(0),m, are relevant for MHV and
MHV amplitudes respectively.
Similarly, we can cut S(2) and S(4) into two chiral com-
ponents, but surprisingly (in both cases) this can be done
by imposing a single additional condition.
S
(2),±
ij = , for i < j . (7)
S
(4),±
ijkl = , for i < j < k < l . (8)
3For S
(4),±
ijkl we indicated two conditions, but either of the
diagonal brackets 〈 ik〉 or 〈 jl〉 suffices to chiralize the
space. The fact that a single condition chiralizes the
higher sign-flip spaces suggests that increasing the num-
ber of sign flips in P leads to simpler positive geome-
tries. We will see this explicitly in the canonical forms
for these spaces computed in the following section. The
forms for the chiral minimal sign-flip spaces, Ω
(0)
MHV,MHV
,
are the full n-point MHV and MHV integrands, respec-
tively. These obviously grow in complexity for higher n.
In contrast, for the maximal sign-flip spaces, S
(4),±
ijkl , each
form is a single chiral integral. For general n, these turn
out to be the chiral octagons, previously discussed in [21].
As emphasized below eq. (6), if there are six or more
sign flips in the sequence P the positivity conditions are
so restrictive that the space is empty; hence, the corre-
sponding form identically vanishes. Although the differ-
ential forms for the sign-flip-two positive geometries are
considerably simpler than those of the sign-flip-zero (am-
plitudes) case, their complexity does grow (mildly) with
increasing n. Thus, we postpone a full exploration of the
sign-flip-two spaces and their forms to [22], while this
letter is dedicated to the ‘maximal’ sign-flip-four spaces
yielding the simplest local integrals.
Maximal sign flips and chiral octagons
As just discussed, the maximal sign-flip-four spaces are
simplest, which is why we now focus on these geometries
and construct their differential forms. Before jumping to
the general result, we give some lower-point examples:
↔ d
4µ 〈25〉 〈1256〉
〈12〉 〈23〉 〈45〉 〈56〉 〈16〉 ≡
↔ d
4µ 〈24〉 〈51〉
〈12〉 〈23〉 · · · 〈16〉 ≡
(9)
where the measure is d4µ = 〈ABd2A〉〈ABd2B〉. In the
general n-point case, the differential form corresponds to
octagons with very special chiral numerators
↔
j
k
l
i
(10)
The wavy and dashed lines denote the special nu-
merator factors 〈 jk〉=〈AB(j−1jj+1)∩(k−1kk+1)〉 and
〈 ij〉=〈ABij〉, respectively [21]. In eqs. (9) and (10) we
have only displayed one chirality. The opposite chiral-
ity is obtained by switching the signs of the non-adjacent
〈 ij〉 brackets in the definition of the sign-flip-four spaces,
as well as interchanging wavy and dashed numerators in
the associated integrals.
It is a highly non-trivial statement that the sign-flip-
four geometries have only (up to) eight codimension-one
boundaries 〈 ii+1〉=0. This simplicity is in stark con-
trast to the sign-flip-zero and two spaces where all n such
boundaries are present.
Amusingly, the chiral octagons appeared in a previ-
ous study of local loop integrands for one-loop scattering
amplitudes [21], completely unrelated to the geometric
sign-flip spaces that we investigate in the present letter.
In [21], it was suggested that chiral octagons form a nat-
ural, and practically useful, basis of one-loop integrands
for scattering amplitudes in planar N = 4 SYM with
many desirable features. In the generic case, we have.
Ωijkl :=
j
k
l
i
for i<j<k<l (11)
=
d4µ 〈 ij〉 〈 jk〉 〈kl〉 〈 li〉
〈 i 1i〉〈 ii+1〉〈 j 1j〉〈 jj+1〉〈k 1k〉〈kk+1〉〈 l 1l〉〈 ll+1〉
These integrands are IR finite and all have unit leading
singularities, i.e. all codimension-four residues are either
±1 or 0. Spacetime parity has a natural action on these
integrands; P : Ωijkl 7→ Ωjkli, so that one can define
parity even and odd combinations of chiral octagons.
Ω
e/o
ijkl ≡ Ωijkl ± Ωjkli (12)
For special leg configurations, the general octagons de-
generate into simpler topologies with fewer propagators,.
j
k
l
i
→ j
k
l
i
↗
↘
j
k
l
i
j
k
l
i
↘
↗
i
j
k
l (13)
The most degenerate integrals become IR divergent. Ad-
ditional details regarding these integrands, are discussed
in section 5 of [21], where the interested reader can also
4find integrated results in terms of dilogarithms. The de-
generations of the chiral octagon in eq. (13) go hand-in-
hand with the special sign-flip-four regions in eq. (10),
when pairs of sign flips become adjacent. We have al-
ready seen such examples in eq. (9) and do not display
further degenerations for brevity’s sake.
If we marginalize over the signs of the 〈 ik〉 , 〈 jl〉 brack-
ets that chiralize the sign-flip-four space, we obtain the
parity-odd octagon defined in eq. (12). (Note that we
are adding spaces, but the corresponding forms have a
relative minus sign which is why marginalizing over the
two chiral spaces gives the parity-odd integral.)
↔ Ωoijkl (14)
One aspect that was not emphasized in [21] but is rel-
evant for the connection between these local integrands
and the local positive geometries we are discussing here,
is a special change of variables that brings the rational
integrands, such as the one in eq. (11), into d log form
[28–34]. This d log form is not only useful to make a con-
nection to positive geometry, but also leads to simplified
differential equations [35]. It turns out that the simplest
d log forms are associated to parity-odd integrands, e.g.
Ωoijkl=d log
〈 i−1i〉
〈 ii+1〉 d log
〈 j−1j〉
〈 jj+1〉 d log
〈k−1k〉
〈kk+1〉 d log
〈 l−1l〉
〈 ll+1〉
Writing compact d log forms for various integrals is some-
what of an art and for many of the chiral integrals, we
do not currently have a simple d log form available. One
notable exception are chiral pentagon integrands, which
will play a major role in our companion paper on local
triangulations of positive geometries [22].
From dlog Forms to Geometry
Thus far, geometric descriptions of scattering ampli-
tudes begin with the definition of a positive geometry,
then introduce canonical differential forms with logarith-
mic singularities on the boundaries of these spaces. This
has been true for the Amplituhedron [2, 3], and likewise
for the local geometries we have discussed above.
In contrast, in this subsection we turn this story
upside-down. There are various Feynman integrals for
which d log forms are known without any a priori con-
nection to some positive geometry. It is natural to ask in
what sense these integrals are associated to or give rise to
their own geometries. Here, we would like to give a brief
appetizer of the types of structures we have uncovered.
One-loop box integrals are among the simplest examples
where d log forms are known explicitly. For concrete-
ness, we consider the so-called two-mass-hard configura-
tion Bii+1
=
d4µ 〈i−1ii+1i+2〉〈1ii+1n〉
〈 i−1i〉 〈 ii+1〉 〈 i+1i+2〉 〈1n〉 (15)
= d log
〈 i−1i〉
〈X〉 d log
〈 ii+1〉
〈X〉 d log
〈 i+1i+2〉
〈X〉 d log
〈1n〉
〈X〉 ,
where X corresponds to either of the two solutions to the
quadruple cut 〈 i−1i〉=〈 ii+1〉=〈 i+1i+2〉=〈1n〉= 0,
X =
{
Xi = (ii+1i+2)∩(in1)
Xi+1 = (i−1ii+1)∩(i+1n1)
}
. (16)
By construction, any space defined by imposing defi-
nite signs for the ratios of the arguments of each d log
in eq. (15) gives a geometry with the correct canoni-
cal form. However, simply getting the correct canonical
form is insufficient—we also require the exact boundary
structure of the geometric space itself. Namely, we de-
mand that 〈X〉 = 0 is not a geometric boundary, and
neither are any lower codimension boundaries for which
the residues of the form vanish.
This admittedly cryptic statement leads to further con-
straints that are intricate to implement, and require a
slightly more detailed analysis which will be elucidated
at length in [22]. At the end of the day, we find two
consistent geometries originating from the d log form in
eq. (15), both of which have fixed (including negative)
signs for the 〈 ii+1〉 brackets of the diagram.
〈 i−1i〉 〈 ii+1〉 〈 i+1i+2〉 〈1n〉 〈Xi〉 〈Xi+1〉
B
(1)
ii+1 − + − + + −
B
(2)
ii+1 − + − + − +
(17)
Both spaces can be considered as two subspaces of a
larger achiral space defined only by 〈 ii+1〉 inequalities.
The canonical form for this achiral space trivially van-
ishes because four inequalities are insufficient to pro-
duce a non-trivial d log form with four independent little-
group-invariant ratios. As a result, the forms for both
B
(1)
ii+1 and B
(2)
ii+1 are identical up to a sign, and (properly
oriented) sum to zero. The achiral space is cut by im-
posing a single condition on either 〈Xi〉 or 〈Xi+1〉 , and
the respective sign of the other bracket is implied.
Note that not all signs of 〈 ii+1〉 brackets are fixed in
eq. (17). Thus, these spaces represent different collec-
tions of the sign-flip-four regions introduced above,
B
(1)
ii+1 ↔
i−1∑
l=1
n∑
k=i+2
, (18)
5where B
(2)
ii+1 is obtained from B
(1)
ii+1 by flipping the in-
equalities of the diagonals 〈 li+1〉<0 → 〈 li+1〉>0, and
〈 ik〉<0 → 〈 ik〉>0. In terms of chirality, the two spaces
B
(1,2)
ii+1 are parity conjugate, as is apparent from the op-
posite chirality of all sign-flip-four regions appearing in
the expansions of eq. (18) and its B
(2)
ii+1 counterpart.
We can repeat similar analyses for all other integrals
entering the ‘chiral pentagon representation’ of one-loop
MHV amplitudes in planar N=4 SYM [21, 36] and asso-
ciate them to local geometries originating from the study
of their d log forms. As we have seen for the two-mass-
hard boxes in eq. (17), for individual integrals there can
in principle be more than one solution. It is natural to
wonder, however, if there is a globally consistent geom-
etry when one attempts to glue individual pieces into a
bigger space that describes the full amplitude (without
any spurious boundaries). Surprisingly, the result of this
exercise selects a unique choice of individual local geome-
tries that combine into a novel positive geometry, which
we call the Amplituhedron-prime. This space is similar
to the original Amplituhedron defined by the inequalities
of eq. (2), but is distinct due to the negative signs that
appear for various 〈 ii+1〉 brackets, e.g. in both spaces
of eq. (17). The study of the global consistency of this
novel Amplituhedron-prime is subtle and we have to defer
a detailed discussion to our companion work [22].
Non-Pure Integrals from non-MHV Kinematics
So far we have focused our discussion on geometric
spaces defined for MHV external kinematics where all
brackets are positive 〈ijkl〉 > 0 for i<j<k<l. In this sec-
tion, we extend the study of positive geometries beyond
the MHV sector. At one loop, the geometry for NkMHV
amplitudes is defined by the sign-flip conditions in eq. (1).
Although we leave a complete classification for arbitrary
n, k to later work, at low multiplicity the picture is simple
enough to discuss in this section. At six points, there are
three helicity sectors which can be defined by the number
of sign flips in the sequence {〈123i〉}i=4,5,6, i.e.,
{(+,+,+)︸ ︷︷ ︸
MHV
, (+,+,−), (+,−,−)︸ ︷︷ ︸
NMHV
, (+,−,+)︸ ︷︷ ︸
N2MHV
}. (19)
The one-loop integrand for arbitrary k is a 4(k+1) differ-
ential form on the space of {Za, (AB)} with logarithmic
singularities on all boundaries. Similarly, for each sign-
flip space defined by 〈ABii+1〉 conditions, the associated
form is intimately related to the positivity conditions on
the Za. The positive geometries depend on both the ex-
ternal data and the loop-line and cannot be separated.
As such, the logarithmic form is naturally a form in both
dZa and d(AB).
We can see this explicitly in the following example:
consider the sign-flip-four (in (AB)) space
S = (20)
For MHV kinematics the form is the dashed hexagon
(which is the parity conjugate of the second example in
eq. (9)) and there is no form in Za. For NMHV kine-
matics, the calculation is more subtle as the structure of
the (AB)-space is highly sensitive to the precise signs of
brackets 〈ijk`〉, while the conditions in eq. (19) are ag-
nostic about the sign of, for example, the four-bracket
〈1356〉. In this example, the signs of two four-brackets
(not of the form 〈ii+1jj+1〉) are sufficient to fix the as-
sociated space in (AB). There are four inequivalent con-
figurations of the external data—each of which has a par-
ticular four-form in Za—that in total yield two distinct
local integrands in (AB), which we may label as ω
(1,2)
(AB).
Labelling the Z-space by the signs of 〈1235〉 and 〈1356〉,
respectively, the full eight-form for NMHV kinematics is
Ω(S)=
[
ω
(++)
Z +ω
(−−)
Z
]
ω
(1)
AB+
[
ω
(+−)
Z +ω
(−+)
Z
]
ω
(2)
AB ,(21)
where the relevant Z-forms, which can be computed
along the lines of [37], are
ω
(++)
Z =
〈12356〉〈13456〉3
〈1235〉〈1346〉〈1356〉〈1456〉〈3456〉 ,
ω
(+−)
Z =
〈13456〉〈12356〉3
〈1236〉〈1256〉〈1345〉〈1356〉〈2356〉 ,
ω
(−−)
Z =
〈12356〉〈12345〉3
〈1234〉〈1235〉〈1245〉〈1356〉〈2345〉 ,
ω
(−+)
Z =
〈13456〉〈12345〉3
〈1234〉〈1245〉〈1345〉〈1356〉〈2345〉 .
(22)
In the numerators, we use the shorthand notation for e.g.
〈12356〉 = dZ1〈2356〉+ · · ·+ dZ6〈1235〉, etc., (23)
and suppress all wedge products throughout. The two
(AB)-forms are explicitly
ω
(1)
AB=
〈1235〉 (〈1456〉〈26〉 〈34〉+〈3456〉〈61〉 〈24〉 )
〈12〉 〈23〉 〈34〉 〈45〉 〈56〉 〈61〉 ,
ω
(2)
AB=
〈1345〉 (〈1256〉〈23〉 〈46〉−〈1236〉〈24〉 〈56〉 )
〈12〉 〈23〉 〈34〉 〈45〉 〈56〉 〈61〉 .
(24)
Nontrivially, in eq. (21) the spurious poles 〈1235〉, 〈1356〉,
and 〈1345〉 cancel, as they were only needed for the tri-
angulation of the full geometry. Note that in the case of
〈1235〉, 〈1345〉 the cancellations are between the numer-
ators of ω
(1,2)
AB and denominators of ω
(±,±)
Z , while 〈1356〉
6cancels globally between all four pieces in eq. (21). This
shows how inextricably intertwined the Za and (AB)
parts of Ω(S) are for higher k.
The third helicity configuration relevant for six-point
kinematics is k = 2 i.e. N2MHV. In this case, for the
(AB)-conditions S there is a single Z-form,
ωk=2Z =
〈123456〉4
〈1234〉〈2345〉〈3456〉〈4561〉〈5612〉〈6123〉 , (25)
where the numerator is again shorthand notation e.g.
〈123456〉4 = (dZ1)4(dZ2)4〈3456〉4 + · · · . Due to the low
multiplicity the associated (AB)-form is the same as for
the MHV kinematics, eq. (9), but this does not hold in
general. Note that for MHV kinematics the Z-form is
trivial, ωZ = 1, and only the (AB)-part is relevant.
At higher multiplicities, our preliminary investigations
confirm that (AB)-spaces with more than four sign flips
are non-empty for non-MHV helicity configurations. We
leave a complete classification for general n, k to future
work. These precursory results suggest the non-MHV
positive geometries are much richer than their MHV
counterparts, not only because of the relevance of Z-
kinematics, but also because of the presence of higher
sign-flip spaces.
Conclusions
In this letter, we classified the positive geometries
which appear in the context of the one-loop Amplituhe-
dron. We discovered that the maximal sign-flip regions
are closely connected to chiral octagon integrands, which
form the basis of one-loop integrands with special IR
properties. This enhances our understanding of positive
geometries and their connection to scattering amplitudes,
but also opens the door to exploiting the positive geom-
etry framework as a tool to generate infrared finite d log
integrands at two loops and beyond, which would be of
eminent importance for modern amplitudes methods.
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